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Abstract. The uniqueness of (the class of) deformation of Poisson Lie algebra po{2n) 
has long been a completely accepted folklore. Actually this is wrong as stated, because its 
vaHdity depends on the class of functions that generate po(2n) (e.g., it is true for polynomials 
but false for Laurent polynomials). 

We show that, unlike po(2n|TO), its quotient modulo center, the Lie superalgebra f)(2n|m) 
of Hamiltonian vector fields with polynomial coefficients, has exceptional extra deformations 
for (2n|m) — (2|2) and only in this superdimension. We relate this result to the complete 
description of deformations of the antibracket (also called the Schouten or Buttin bracket). 

We show that, whereas the representation of the deform (the result of deformation aka 
quantization) of the Poisson algebra in the Fock space coincides with the simplest space on 
which the Lie algebra of commutation relations acts, this coincidence is not necessary for 
Lie superalgebras. 



§1. Introduction 

This is an edited version of the paper preprinted in Erwin Schrodinger International Insti- 
tute for Mathematical Physics (875; www.esi.ac.at) and published in Theor. Math. Phys. To 
save space, and having in mind most general target audience, mainly interested in answers, 
we have omitted boring calculations (including an exposition of important but inaccessible 
paper jKo2j). The omitted material whose documentation took far too long time will be 
published together with the details of the proof of our classification of simple vectorial Lie 
superalgebras: an expounding of |LS2j . As usual, when one deletes something "obvious" one 
should be extra careful and we are sorry to say that we did throw away several cocycles (for- 
tunately, on isomorphic algebras). We also modify the final text by disclaiming Shmelev's 
interpretation of f)A(2|2) which we used to trustfully rewrite from paper to paper. 

We compensate the proofs omitted by extensive background: several vital, not just impor- 
tant, notions (for example, that of Lie superalgebra) are not as well known as is the general 
belief. 



1.1. General setting of our problem. The problem we consider is usually breezily 
formulated. In order not to get confused and derive our main result, we do our best to 
formulate it extra carefully. 

In 1977, M. Marinov asked one of us: "How to quantize this "new mechanic ( |Llj V' of 
yours? Will the Planck's constant be odd?!" In 1987, S. Sternberg repeated the question 
in connection with his studies with Kostant |KSj . For a preliminary answer, see jL3j . where 
the importance of odd parameters and the "queer" analog of qI was indicated. Here we 
concentrate on other issues but again, as in [L3j , tirelessly emphasize the importance of 
the "point functor" approach to Lie superalgebras. In particular, if we deal with their 
deformations one needs odd parameters. For the convenience of the reader, all necessary 
background is collected in §4 (Background). 
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The main questions, before we start counting how many quantizations of the Poisson 
algebra are possible, are what is quantization and what is the Poisson algebra? 

There are many interpretations of the notion "quantization". We consider quantization 
as a deformation, and it is vital to start with a lucid description of the class in which 
we deform our object, to say nothing of the lucid description of the object itself. For 
example, in the simplest case, when the supermanifold Ai is C^""'™ (or M^"!"^) equipped 
with a symplectic structure, we consider the superspace JF of functions on A4. There are 
two natural structures on JF: that of an associative (and supercommutative) superalgebra 
and that of a Lie superalgebra, called the Poisson superalgebra and denoted by po(2n|m). 
Therefore we must first select one of the two problems: describe either 

(1) deformation of the associative superalgebra (usually, one sacrifices commutativity) 

or 

(2) deformation of the Lie superalgebra po(2n|m). 

Both problems can be solved by computing a certain cohomology (Hochschield one for de- 
formations of the associative algebra structure. Lie one for deformations of the Lie algebra 
structure; passage to superagebras only brings in some extra signs). Problem (1) was con- 
sidered from various angles by Flato et. al. |Beaj . Neroslavsky and Vlassov |NVj . De Wilde 
and Lecomte, Drinfeld, Fedosov (jl^, |Dlj ). Kontsevich |Konlj to name a few. 

It was always clear that Problems (1) and (2) are related; here we intend not to replace 
one with the other but manifestly separate them and concentrate on Problem (2). Dirac 
was, perhaps, the first to consider it: indeed, quantization in |Dirj is understood as follows. 
Let {M,u) be a symplectic manifold (locally: domain), {■,■} the corresponding Poisson 
bracket. Assume that all functions ( "observables" ) depend on a parameter t (time). Then 
quantization is a passage from the classical equations of motion with Hamiltonian H 

(1) f = {f,H} 
to quantum ones 

(2) f=[f,H], 

where / and H are operators (acting in a space to be specified) and [■, ■] is the commutator. 
Let us express the elements of the Poisson algebra (the product in which is{-, ■}) as contact 
fields Kf with generating function / (see IMJ^). so that eq. ((H) becomes 

(3) Kf = [Kf,KH]. 

In this formulation, it becomes manifest that the structure of associative and commutative 
algebra on the space of functions which label the classical operators Kf is beside the point; 
whereas quantization is, equally manifestly, a deformation of the Lie algebra structure inside 
the variety of Lie algebras. 

For a long time Vey's paper jV] was the only one where the deformation of Lie structure 
was studied (cf. |HG'): in [L3] and here we follow this approach. 

Observe a totally different from anyone's approach to quantization due to Berezin [B] , 
where the dimensions of the algebras deformed (in Berezin's sense) can vary under deforma- 
tion and where the convergence of the series expansion of the formal parametric family of 
multiplications is investigated. 

Concerning Problem (1), Shereshevskii 'ST] was the first, as far as we know, to show that 
the space of deformations of the associative structure on JF(A1) is "not less", in a sense, 
than the space of affine connections on M. and is, therefore, too huge to be of interest (is 
undescribable) . Kontsevich |Konlj understood that this space should be considered modulo 
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certain gauge transformations and showed that this makes the quotient space describable 
(one dimensional). Superization of this result is a routine job performed in |Boj . 

In pre-Kontsevich era, to diminish the number of deformations of the associative structure, 
people usually assumed that the following "correspondence principle" holds 

4 hm = {/, g}. 

h — >o n 

This, actually, amounts to replacement of Problem (2) by Problem (1). 

Remark. Observe that Kontsevich even considered the Lie bracket constructed from not 
necessarily non-degenerate odd bivector field. The bracket thus obtained is sometimes also 
called Poisson bracket augmenting the already considerable confusion. 

1.2. Cohomology depend on the type of functions. The number of nonequivalent 
deformations of the Lie (super) algebra q may also depend on the type of functions involved 
in the description of g (smooth, analytic, polynomial, etc.): compare the parametric family 
soect^(l|n) of divergence free vector fields with Laurent polynomials as coefficients |GLSj . 
with the rigid Lie superalgebra s'ozct{l\n) of divergence free vector fields with polynomial 
coefficients. 

The uniqueness of deformation of po(2n) was a folklore since long ago. When Batalin 
and Tyutin |BTlj actually proved the statement for Poisson Lie superalgebras po(2n|m) 
(generated by functions of a certain class), they found it difficult to publish the result because 
it was dubbed as "known" (although no proof was ever published even in the purely even case, 
cf. jV], review |Beaj and more recent |HGj . the object under study being the existence, not 
uniqueness). However, one should be very careful here: for arbitrary generating functions, 
the statement is wrong, because its validity depends on the class of functions: For example, 
for polynomials this is true, but false for Laurent polynomials, cf. |Dzhj . see also |KTj . 
Another example is a multiparameter quantization of functions on the orbits of simple Lie 
groups in the coadjoint representation, cf. |DGSj . |Kon2j . |GL2j . 

1.3. What a Lie superalgebra is. Lie superalgebras had appeared in topology in 1930's 
or earlier. So when somebody offers a "better than usual" definition of a notion which 
seemed to have been established about 70 year ago this might look strange, to say the 
least. Nevertheless, the answer to the question "what is a Lie superalgebra?" is still not 
a common knowledge. Indeed, the naive definition ("apply the Sign Rule to the definition 
of the Lie algebra" ) is manifestly inadequate for considering the (singular) supervarieties of 
deformations and applying representation theory to mathematical physics, for example, in 
the study of the coadjoint representation of the Lie supergroup which can act on a super- 
manifold but never on a superspace (an object from another category). So, to deform Lie 
superalgebras, apply group-theoretical methods in "super" setting, etc., we must be able to 
recover a supermanifold from a superspace, and vice versa. 

A proper definition of Lie superalgebras is as follows, cf. |L3j . The Lie superalgebra in the 
category of supermanifolds corresponding to the "naive" Lie superalgebra L = Lg © is a 
linear supermanifold £ = (Lg, O), where the sheaf of functions O consists of functions on Lg 
with values in the Grassmann superalgebra on L^; this supermanifold should be such that for 
"any" (say, finitely generated, or from some other appropriate category) supercommutative 
superalgebra C, the space C{C) = Hom(SpecC, £), called the space of C -points of C, is a 
Lie algebra and the correspondence C — > ^^iC) is a functor in C. (A. Weil introduced this 
approach in algebraic geometry in 1953; in super setting it is called the language of points or 
families, see jL].) This definition might look terribly complicated, but fortunately one can 
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show that the correspondence L < — >• L is one-to-one and the Lie algebra C{C), also denoted 
L{C), admits a very simple description: L{C) = (L (g) C)q. 

A Lie superalgebra homomorphism p : Li — > L2 in these terms is a functor morphism, 
i.e., a collection of Lie algebra homomorphisms pc '■ Li{C) — > L2{C) compatible with 
morphisms of supercommutative superalgebras C — > C . In particular, a representation of 
a Lie superalgebra L in a superspace y is a homomorphism p : L — > sK^)) i-^-, a collection 
of Lie algebra homomorphisms pc '■ L{C) — > (sK^) ® 

Example. Consider a representation p : g — > dK^)- The tangent space of the moduli 
superspace of deformations of p is isomorphic to H^{g; V V*). For example, if g is the In- 
dimensional (i.e., purely odd) Lie superalgebra (with the only bracket possible: identically 
equal to zero), its only irreducible representations are the trivial one, 1, and n(l). Clearly, 
1 ® 1* ~ n(l) ® n(l)* ~ 1, and because the superalgebra is commutative, the differential 
in the cochain complex is trivial. Therefore H^{q; 1) = E^{q*) ~ g*, so there are dim g odd 
parameters of deformations of the trivial representation. If we consider g "naively" all of the 
odd parameters will be lost. 

Which of these infinitesimal deformations can be extended to a global one is a separate 
much tougher question, usually solved ad hoc, see [F|. 

In this paper we deal with a similar problem: we deform the Lie superalgebra structure, i.e., 
the superbracket. Deformations of any superstructure can, of course, have odd parameters. 
Yu. Manin writes that this is obvious |Manj but he is overoptimistic: even live classics still 
sometimes deliberately ignore odd parameters, see, e.g., |CKj . Physicists easier accept odd 
(and other infinitesimal) parameters; odd parameters are the cornerstone of supersymmetry 
( |WZj ) : in several famous papers Witten clearly illustrated the importance of odd parameters, 
see, for example, |Wj. Witten's papers triggered an avalanche of elaborations among which 
we would like to point out |GKj . [Man], [R], |Shuj . 

1.4. Quantization, as we understand it. Quantization of po(2n|m) consists of two steps: 

(1) deformation of the Lie superalgebra po(2n|m) and 

(2) realization of the deform by operators in some space (the Fock space). 
There is also a step somewhat aside, 0-th step: 

(0) prequantization, i.e., realization of po(2n|m) by operators in some "classical version" 
of the Fock space. 

Execution of Steps (1) and (2) seems to be routine; their superization has only two novel 
features: realization of po{2n\m) for m odd not by all differential operators but by a part 
similar to the "queer" analog of the general Lie algebra, the one which preserves a complex 
structure given by an odd operator. For details, see |L3j . Another novel feature is described 
in sec. 1.5. 

For a complete description of prequantizations, see |BSSj . |Smlj . |Ko6j . 

Related with the prequantization is description of representations of (anti) commutation 
relations (RCR). (For an approach distinct from ours, see |Blj .) It turns out that the 
representation of the deform (after quantization) of po(2n|0) in the Fock space coincides 
with the simplest space on which RCR act. Observe that this coincidence is not necessary 
for Lie superalgebras. 

Here we consider the odd analogs of the Poisson bracket, namely, the antibracket (Schouten 
or Buttin bracket) and the deformations of the antiblracket, other than quantizations. For 
each of these Lie superalgebras with these brackets, i.e., for po(2m|n), b(n) and each member 
bx{n) of the the one-parameter set of deformations of b(n), we will investigate its quantization 
in the above sense. 
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Speaking about antibracket, recall that the Buttin superalgebra b{n) is the superspace 
of functions with reversed parity on the ?T,|n-dimensional superspace endowed with the Lie 
superalgebra structure given by the antibracket; b(n) can also be realized as the superspace 
of multivector fields (with reversed parity) on p|g-dimensional superspace for any p, q such 
that p + q = n, p,q > and with the Lie superalgebra structure given by the Schouten 
bracket. 

Remark. 1) What we call the "Buttin bracket" here was discovered in the pre-super era 
by Schouten; Buttin first proved that this bracket establishes a Lie superalgebra structure. 
The interpretations of the Buttin superalgebra b{n) similar to that of the Poisson alge- 
bra po{2n\m) and of the elements of h{n) = b(n)/center as analogs of Hamiltonian vector 
fields was given in |Llj . The Buttin bracket and "odd mechanics" introduced in |Llj was 
rediscovered by Batalin and Vilkovisky (and, even earlier, by Zinn- Justin, but his papers 
went mainly unnoticed, as observed in |FLSf] ): it gained a great deal of currency under the 
name antibracket; in several papers Batalin and Vilkovisky demonstrated its importance, see 
reviews (UPS], |BT2]. 

Not every deformation qualifies to be considered as quantization. Roughly speaking, 
having started with a Lie (super) algebra of vector fields on a superspace of certain dimension, 
we should, after quantization, obtain an algebra which possesses a representation in the 
space of halved functional dimension. The deforms (results of the deformation) of b{n) 
given by (jlUj) are denoted by bx{n), see Background. NONE of the deformations of b{n) is 
quantizations in the above sense (there are no representations of halved dimension). The 
one we call quantization just looks similar to the only quantization of Poisson algebra. 

For the odd versions of prequantizations, i.e., representations of b\{n), and related with 
them description of the representations of le(n), see |L2j . |Ko6j . 

Step (1) was performed by Kochetkov in [KoT|- [Ko5] (except for a case missed; we will also 
show that this omission is inessential) for the Buttin superalgebras bx{n), and for i){2n\m) 
except for nm ^ 0. Here we correct Kochetkov's result and complete Step (2) started in 
PI 

1.5. Numerous Fock spaces. There are two major types of the new Fock spaces: 

1) Fix a realization (grading) of po or b. Then po_ and b_ can be considered as the 
analog of the Heisenberg Lie superalgebra of anti/commutation relations. The relatively 
new message is that while for po_ there is only one (up to a character and parity change) 
irreducible representation, there are several non-isomorphic irreducible representations for 
the (anti) commutation relations represented by b_. 

Throughout the paper we insist on considering po and its "odd" analog, b, as well as 
the deforms of the latter, bx, as Lie superalgebras. These Lie superalgebras, and especially 
their quantum analogs, are, in a sense, analogs of QliV). The Lie algebra qI{V) has many 
irreducible representations (realized in tensors constructed on V and V*, in modules with 
vacuum vector, etc.), and so do all the above mentioned Lie superalgebras. 

Contrariwise, the associative algebra Mat(V) of endomorphisms of V or its matrix ver- 
sion, Mat(dimV^), though isomorphic to qI{V) as a vector space, has only one irreducible 
module, V (and so do the super versions of Mat(V^), even the queer versions, QiV)). This 
module V is exactly what is called the Fock space. So the Fock space is the analog of the 
standard or identity representation for 0[(V^). Therefore, considering representations of the 
Lie (super) algebra, we should take the "smallest" representation, the one which plays the 
role of the identity one for 5l(V^) for the role of an analog of the Fock space, especially in 
the "classical" case, that of po or b. 



6 



D. LEITES^ AND I. SHCHEPOCHKINA^ 



2) Every "nonstandard realization" of po and b has its own Fock space; several ones in 
case of b. Here we draw attention of the reader to the following phenomenon. Even for the 
"conventional" Poisson superalgehra po(2n|m), there are several analogs of the Fock space 
representations corresponding to several nonstandard realizations po{2n\m;r) of po(2n|m). 
For example, these realizations for m = 2k are given by the following gradings of the gener- 
ating functions p, q, ^, rj: 

deg Pi = deggj = deg^,- = degrjj = 1 for any i and j > r; 

(5) 



v^i- ^J.- 'J 

deg,^j = 0, degr^j = 2 for < j < r. 



For the complete list of nonstandard realizations — one of the main results of classification of 
simple vectorial Lie super algebras, see |Schj . |LSlj . We only need some of them, see sec. A. 7. 
Here we describe in detail only one of these realizations, the standard one (Theorem 3.2). 

Observe that though for distinct nonstandard realization the analogs of f)ei and ab are of 
different dimensions, the adjoint representations of po and b are the "smallest" ones and, in 
contradistinction with numerous analogs of Fock spaces for representations of (anti) commu- 
tation relations, are unique. 

1.6. Main results. 1) We observe that the Lie superalgebras f)(2|2) of Hamiltonian vector 
fields can be included into a parametric family {);j(2|2). Theorem 2.1 shows how deforma- 
tions of the Lie superalgebra structures given by the Poisson bracket and antibracket are 
interrelated, namely, we show that P)a(2|2) is isomorphic to the regrading bx{2; 2) of bx{2). 

From here we deduce new exceptional quantizations of the Lie superalgebras f)(2|2) of 
Hamiltonian vector fields and the Buttin superalgebra b(2). 

2) As a corollary of the above we deduce that the Lie superalgebra of Hamiltonian 
vector fields may have more quantizations than the corresponding Poisson one. 
It seemed natural to expect that the Lie superalgebra P)(2n|m) of Hamiltonian vector fields 
— the quotient of po{2n\m) modulo center — has exactly one quantization, as many as 
po(2n|m). These great expectations are justified almost always, except for {2n\m) = (2|2), 
when the parameters of deformation belong to a singular supervariety almost completely 
described by Kochetkov |Kolj - [Ro5j . His omission should have been obvious in view of 
our earlier result |ALShj but everybody overlooked it; perhaps, because it does not actually 



matter. Here we conclude the description of the deformations of [){2n\m) and relate them 
with the complete description of quantizations (deformations) of the antibracket and its 
quotient modulo center, h{n). 

3) Unlike the quantized Poisson algebra po(2n|0) and f)ci(2n|0) which have exactly ONE 
realization by means of creation and annihilation operators in the Fock space, the quantized 
Lie superalgebra ab(n), the "odd" version of f)ei(2n|m), has n + 1 distinct Fock spaces, one of 
which is of finite dimension. An important feature here: odd parameters of representations 
are a must. 

Remarks. 1) Kochetkov proved |Ko2j that the subalgebra sb{n) of divergence-free multivector 
fields (superfields harmonic with respect to the odd Laplacian) is not rigid and described 
the corresponding cocycles in |Ko2j . see also more accessible |L3j . The main deformation 
of b(n) described below preserves sb{n); this means that deformations of sb(n) are of a 
different nature. Still, the restriction of the quantization onto sb{n) is nontrivial; note that 
Kochetkov showed that there are also ot/ier deformations of sb{n). 

2) Our second main result shows that the Lie superalgebra of Hamiltonian vector fields 
may have more quantizations than the corresponding Poisson one just once: in dimension 
(2|2). Contrariwise, te(n), the Lie superalgebra analogous to f)(2n|m), is always more rigid 
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than b(n): namely, the quantization does induce a deformation of lt{n), but that is all: h{n) 
has no other deformations. 

3) The passage to real forms is always possible whereas exposition and study are easier 
over C. So in what follows we work over C. (Passage from C to M should be performed with 
caution: compare "Theorem" 9 of K with correct results of M. Parker and Serganova [Hj 



and with |LS2j .) 

Note that using theorems from [F] the volume of calculations can be reduced to a negligible 
amount in the contact case as well (sec. 3.3). These simplifications are applicable to vectorial 
Lie superalgebras with polynomial coefficients. The case of Laurent coefficients, especially 
for centrally extended algebras, is quite different technically (or at least so it looks to us at 
the moment); for partial results, see |Ko4j . 

1.7. On two confusions. 1) The tendency to mix the elements of the Lie superalgebra 
po(2?T,|m) labelled by functions with the functions themselves (that generate an associative 
and supercommutative superalgebra with respect to the dot product) introduces a mess 
and hinders the study of quantization in our sense, i.e., deformation of po{2n\m) as a Lie 
superalgebra. 

To emphasize the distinction, we will denote the associative (super) algebras by Latin 
characters (say. A); the same space considered as a Lie (super) algebra with the (super)bracket 
[x, y] instead of the dot product xy will be denoted by the corresponding Gothic letter (a) 
or subscript L for Lie (^4^). 

2) The situation is further worsened by the "common knowledge" of the following "fact" 
(see, e.g.. Remark on p. 66 in Kac's paper |KJ): 

(6) there exists an associative superalgebra A such that Al — po(2n|m). 

This statement is wrong. We will explain why and eventually give a correct formulation, but 
first consider an example which illuminates the problem. 

In textbooks and papers (see, e.g., |Pe|) the following description of po{2n) can be en- 
countered: 

po(2n) is generated (presumably, as an associative algebra, whereas in fact it is a Lie 
algebra; for its presentation as a Lie algebra in terms of generators and relations, see |LPj ) 
by the Pi and qt for i = I, . . . n subject to relations 

(7) {pi,qj} = ih6ij 
and the bracket should satisfy the Leibniz rule: 

(8) {f,9h} = {f,g}h + g{f,h}. 

Obviously, Eq. (jH)) is not part of the definition of po(2n) but one of its properties, a 
particular case of the Lie derivative along the vector field generated by /, see [BSS]. (Eq. 
(jHj) is, however, a part of a definition of a generalized Poisson structure, the one determined 
by a degenerate bivector, as, e.g., in [Konlj .l 



Eqs. (|7j) are identities that determine the Heisenberg Lie algebra [)ei(2n) whose space 
is a {2n + l)-dimensional space W © Cz, where W, spanned by p, q, is endowed with the 
non-degenerate skew-symmetric form B, and z lies in the center and the Lie bracket is given 
by (|7j) with the right hand side multiplied by z. 

Our nihilistic stand towards associative algebras is justified (we hope) by our results and 
some clarification of the general picture. But in other problems one has to consider both 
structures together. In his studies of integrable systems Drinfeld even introduced the notion 
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of Poisson-Lie algebra (with both an associative and Lie multiphcations related by Leibniz 
rule). Here we do not consider this notion. 

1.7.1. From f}ei(2n) we construct po(2n) in two steps. 

Step 1. We consider the associative algebra Weyl{2n) = U{i)ci{2n)). Because we are 
interested, mostly or only, in irreducible representations of ()ei(2n), we recall Schur's lemma 
and fix the central charge, rather than consider it a parameter, i.e., identify z with ih. 
The associative algebra diff(n) of differential operators with polynomial coefficients on an 
n-dimensional space can be viewed as U{i)n{2n))/{z — ih). Both Weyl{2n), and its quotient 
diff(n) are often called the Weyl algebra, from the context one can usually guess which of 
the two is meant. 

Step 2. The Poisson algebra is not isomorphic to c)iff(2n) = diS{2n)L but is obtained 
from 0iff(2n) by contraction, i.e., the passage to the quasi-classical limit as h — > after we 
set p = ih^ in (0.3). 

Alternatively, one can define the Poisson algebra as isomorphic to gr(c)iff(2n)), the graded 
Lie algebra associated with filtration of i)iff(2?2) induced by the natural filtration of the 
enveloping algebra U{i)ci{2n)). 

1.8. Related problems. 1) Having established the uniqueness of the quantization, it 
is desirable to have a regular procedure for it. On the flat space, there are several ways 
to pass from the function (i.e., the symbol, generating an element of the Poisson algebra) 
to the corresponding operator; these procedures are Weyl, Wick, pq, etc., quantizations. 
The uniqueness theorem states that all of them are essentially equivalent. Description of 
quantizations on the spaces locally equivalent (in terms of G-structures) to classical domains 
had been started only recently, see |DLUj . |LOj . 

2) For presentation (i.e., description of generators and defining relations) of po(2n) (prob- 
lem discussed in sec. 1.7) as of a Lie algebra, see |LPj : for superizations and open problems, 
see ISLP]. 

3) For g-quantization of the finite dimensional Poisson Lie super algebras, see |LSaj ; one can 
also try to derive the g-quantum version of defining relations of the Poisson Lie superalgebras 
given in |GLPj . 

§2. Deformations of the Buttin superalgebra and its subalgebras 
For preliminaries and definitions, see Appendix: background. 

2.1. The main deformation. (After |ALShj .) As is clear from the definition of the Buttin 
bracket, see (IHUj). there is a regrading (namely, b(n;n), given by deg^j = 0,deggj = 1 for 
all i) under which b(n), initially of depth 2, takes the form Q = Q) Qi with go — tiect(0|n) 

i> — 1 

and g_i = H(C[^]). Now, let us replace the t)cct(0|n) -module g_i of functions (with inverted 
parity) with the module of A-densities, i.e., set g_i = H(Vb/(0|n)'*'), where the action of 
go = Oect(0|n) is given for any D G go and / G C[^] by the formulas 

(9) LdUvoI^) = {D{f) + (-l)P(^^^(^^A/divD) ■ vol^ and pivol^) = 1. 
Define bx{n] n), a deform of b(n; n), as the Cartan prolong 

(10) bx{n; n) := (g_i, go). = (H(Vb/(0|n)^), Occt(0|n)),. 

These bx{n;n) for all A's constitute the main deformation. (Though main, this deformation 
is not the quantization of the Buttin bracket, cf. sec. 2.2.) 
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The deform bx{n) of b{n) is a regrading of bx{n;n) described as follows. Let A = j;^^] 
set 

(11) ba,b{n) = {Mf G m{n) \ a divM/ = {-lY^fh{a - bn)^}. 

Taking into account the explicit form (j78|) of the divergence of Mf we see that 

b,,,(n) = {Mj G m(n) | (bn - aE)^ = aA/} = 
{D G Dect(n|n + 1) | LD{voll^^,at^) = 0}. 

It is subject to a direct check that ba,fe(n) is another notation for bx{n), where A = . 

This shows that A actually runs over the projective line CP^, not C. 
Observe the following isomorphisms: 

(13) brrM ^ sm(n); b„,_„(2; 2) ^ bi/2(2; 2) ^ [)(2|2), and b_„,„6(n) ^ b„,,(n). 

Moreover, bA(2;2) ~ i)x{2\2), where t)A(2|2), the deform of f)(2|2), is described in sec. 3.2. 

The Lie superalgebra b{n) = bo{n) is not simple: it has an e- dimensional, i.e., (0|1)- 
dimensional, center. At A = 1 and oo the Lie superalgebra bx{n) is not simple either: it has 
a simple ideal of codimension and e""*"^, respectively, cf. |LSlj . The corresponding exact 
sequences are 

— > C ■ Ml — > b{n) — > le{n) — > 0, 

(14) ^ bi°(n) ^ bi(n) ^ C • M5,...5„ ^ 0, 

boo°(ri) ^ boo(^^) ^ C • M.5,...5„ 0. 

Clearly, at the exceptional values of A, i.e., 0, 1, and oo, the deformations of bx{n) should 
be investigated extra carefully. As we will see immediately, it pays: in each of exceptional 
points we find extra deformations. 

The Lie superalgebras bx{n) are simple for n > 1 and A 7^ 0, 1, oo. It is also clear that the 
bx{n) are non-isomorphic for distinct A's for n > 2. 

Grozman's twist of the Schouten bracket. 1) The Schouten bracket was originally 
defined on the superspace of multivector fields on a manifold, i.e., on the superspace of 
sections of the exterior algebra (over the algebra of functions) of the tangent bundle, 
r(A' (T(M))) = A.'j:{y ect{M)) . The explicit formula of the Schouten bracket (in which the 
hatted slot should be ignored, as usual) is 

[Xi A ■ ■ ■ A ■ ■ ■ A Xfc, Fi A ■ ■ ■ A 1^] = 

(15) 

E,,, (-1)*+^ [X„ r,] A Xi A ■ ■ ■ A X, A ■ ■ • A Xfc A Fi A ■ ■ • A A • ■ ■ A 1^. 

With the help of Sign Rule we easily superize formula (|15|) for the case when M is replaced 
with a supermanifold M.. The relation of the superversion of ()15|) thus obtained with ()70p 
is as follows. Let x and ^ be the even and odd coordinates on M.. Setting 9i = Y\.{-^) = xt, 

Qj = II(^) = we get an identification of the Schouten bracket of multivector fields on 

Ai with the Buttin bracket of functions on the supermanifold Xi whose coordinates are x, ^ 
and X, ^; any transformation of x, ^ induces that of the checked coordinates. 

2) In jn], Grozman classified all bilinear invariant differential operators acting in the spaces 
of sections of tensor fields on any manifold. In this remarkable paper, he also introduced 
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a one-parameter deformation of the Schouten bracket related with the one we call "main 
deformation" . Namely, he introduced the operator 

XfoP, Yvol" ^ {{iy-l){n + iy- l)dwX ■ Y+ 

(16) (-l)PW(/i-l)(/i + z/-l)XdivF- 

(/i - l)(z/ - l)div(Xr)) 

where the divergence of a polyvector field is best described in local coordinates {x, x) on the 
supermanifold M associated with any supermanifold M, see formula (j8(J|) . 

Grozman's Lie superalgebra on twisted polyvector fields on M given by formula (j^^ can be 
realized as a subalgebra of the Lie superalgebra of divergence-free polyvector fields sb{n + 1) 
of on M X M.^, or the Lie subsuperalgebra of functions (with respect to the Buttin bracket) 
on the associated supermanifold with checked coordinates. The exact formula: 

(17) Xvol^ r^X + v^^^^^^l" ^ div(X); 

A — 1 ot 

in terms of sec. A. 4 the right hand side of (fTTj) is t~^f{x,C,) + j^t^'^'^^tA{f). 

The case n = 2. Let n denote the grading 

deg qi = 0, deg^j = for i = 1, . . . , n. 
Then we have an analog of representation ()10|1 : 

(18) fl, = (n(A^+^(Dcct(n|0))) ® Vbr*^ for i = -1, 0, . . . , n - 1. 
Since 

(19) A"(t)eci(n|0)) ~ Vol-\n\0), 
we see that if A = — |, then 

0-1 ^ 01 ^ Vor^^'^. 

Generally, 

bx{2; 2) ~ b_i_A(2; 2) or, which is the same, f)A(2|2; 2) ~ f|_i_A(2|2; 2). 

In particular, we have an additional outer automorphism T± : 0_i < — > gi of g = b_i/2(2; 2). 
Now recall (see Background) that the natural symmetric paring 

{fVvol,gVvol) = / fgvol 



(well defined on functions with compact support and formally extended to formal semi- 
densities) becomes skew symmetric on the purely odd space, and hence determines a central 
extension. This is the well-known extension that determines the Poisson superalgebra; this 
CO cycle is of degree —2. 

Now observe that (compare with (fT!I|) ) 

(20) A"(oect(0|n)) ~ Vol{0\n) 

which leads to the isomorphism 

bA(2;2) ~ bi_A(2;2), or, which is the same, t)A(2|2) ~ [)i_a(2|2). 

In particular, (this is the trifle Kochetkov, and all of us, missed): 

bi/2(2;2)~b_3/2(2;2). 
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2.2. Quantizations: retelling |Kolj . |Ko2j . |L3j and more. The deformation bx{n) 
of b{n) that connects b{n) with sm(n) will be referred to as the main one. The other 
deformations, called singular ones, are no less interesting. Of particular interest are the ones 
corresponding to A = and (for n = 2) to A = | and A = — |: they are quantizations. 

For = b\{n), set H = H'^{q;q). (Recall (see [F]) that the superspace H is usually 
identified with the tangent space to the singular supervariety of parameters of deformations 
of at the point corresponding to g.) 

Theorem. 1) dim H = (1|0) for g = bx{n) unless A = 0, —1, 1, oo for n > 2. For n = 2, 
in addition to the above dim if 7^ (1|0) at A = |. 
2) At exceptional values of X listed in 1) we have 

dim H = (2|0) at X = ±1 and n odd, or X = 00 and n even, or A = | (or X = — |j and 
n = 2. 

dim if = (1|1) at X = or X = 00 and n odd, or X = ±1 and n even. 
The corresponding cocycles C are given by the following nonzero values in terms of the 
generating functions f and g, where di{f) is the degree of f with respect to odd indeterminates 
only (here k = (fci, . . . , kn); we set q'^ = q'l^ . . . g^" and \k\ = Y^ ki): 

(21) 



bx{n) 


p{C) 




bo(n) 


odd 


{-l)p(f)(di{f)-l){di{g)-l)fg 


b-i{n) 


n + 1 (mod 2) 


/ = g^, ^ = g'^(4-|fc|-|/|)g'=+'ei---a + 

rA(g'=+'ei---en) 


bi{n) 


n + 1 (mod 2) 


f - ^ ^ ^ 1 (c^i(^) - 1)^ ifg^af,aeC 

1 2{n — l)f if 9 = f cind n is even 


boo{n) 


n (mod 2) 


r c c \ (^i(^) ~ if g ^ af , a e C 
f = rii...in, g^ < . 

12/ W 9 = f o,nd n is odd 



On bi(2) ^ f)(2|2; 1) (the latter being a regrading ofi){2\2), see sec. A. 7) the cocycle is the 
one induced on i){2\2) = po(2|2)/ center by the usual quantization o/po(2|2).- we first quantize 
po and then take the quotient modulo center (generated by constants). 

3) The space H is diagonalizable with respect to the Cartan subalgebra ofdtt g; the cocycle 
M corresponding to the main deformation is one of the eigenvectors. Let C be another 
eigenvector in H, it determines a singular deformation. The only cocycles kM + IC that can 
be extended to a global deformation are those for kl = 0,i.e., either M or C . 

All the singular deformations of the bracket {■, -joid in b\{n) (except the one for A = ^ 
and n = 2) have a very simple form even for the even h: 

(22) {/, g}r' = {/, 9}oid + h ■ C{f, g) for any /, g G bx{n). 

Remark. C. Roger observed that the singular deformation (quantization) of bo(^) = b(n) is, 
up to sign, the wedge product of two 1-cocycles, the derivations / ^— {di{f) — l)f. He also 
advises to note that the cocycle on bi(2) ~ f)(2|2; 1) induced by the quantization of po(2|2) 
is a straightforward superization of the well-known Vey's cocycle |GSj . 

Since the elements of bx{n) are encoded by functions (for us: polynomials) in r, q and 
^ subject to one relation with an odd left hand side in which r enters, it seems plausible 
that the bracket in bx{n) can be, at least for generic values of parameter A, expressed solely 
in terms of q and ^. Indeed, here is the explicit formula (in which {f,g}B.B. is the usual 
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antibracket): 

(23) {/i, = {/l, f2}B.B. + A(c,(/i, /2)/lA/2 + i-iy^Mcih, /l)(A/i)/2 

where 

2 + A(deg/2 -n) 

and deg is computed with respect to the standard grading deggi = deg^j = 1. 

§3. The main deformation of P)(2|2) 
Comparison of the non-positive terms of the Z-gradings shows that bx{2; 2) = [)a(2|2). 

a 



In Eq. (fT2|) we have interpreted bx{n) as preserving a comphcated tensor vol'^^^aQ ^" 



3.1. Theorem. Set h{X) = Then D E Dect(2|2) belongs to bA(2;2) zf and only if 

(25) D = Dj = Hf + n{\)Wj, where = ^^dp^ + {-lY^^^^d, 



for some f G C\p,q,^,ri]. Then, for f,gE C[p, q, ^, rj], we have 
(26) [Dj,D,] = D{f,,},^,^+h{X)D,^f,,), 



where 



(27) 



-( t 

dv J(o. 



c(f g) - r —^dp + — r ——dp+ 

dp Jq df] dC, dp Jq drj 
{o,q) \ dpdi didpj 

(0,0) 1^-^)^^^^-^^;"-°'^) + 

Observe that the formula 

(28) [Hf, Hg]new = H{f^g}pg + h{X) ■ Hc(f,g) 

determines a deformation of P)(2|2) (which is the main deformation of bi/2(2)) but (and this 
agrees with |BTlj ) the formula 

(29) {/, gU,^ = {/, g}p,B. + h{X) ■ c{f, g) 

does not determine a deformation of po(2|2) because does not satisfy the Jacobi identity. 

3.2. Deformations of g = bi/2(?T^;n). Clearly, g_i is isomorphic to Il[\/Vol). Therefore 
there is an embedding 

^ , , [[)(2"-i|2"-i) for n even 
^^/^(^^^)^Ve(2-) fornodd. 

It is tempting to determine quantizations of q in addition to those considered by Kochetkov, 
as the composition of embedding and the subsequent quantization. 

For n = 2, when ()33p is not just an embedding but an isomorphism, this certainly works 
and we get the following extra quantization of the antibracket described in Theorem 1.2: 
we first deform the antibracket to the point A = | along the main deformation, and then 
quantize it as the quotient of the Poisson superalgebra. This scheme fails to give new algebras 
for n = 2k > 2: 
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Theorem. For n = 2k > 2, the image of bi/2{n; n) under embedding is rigid under the 
quantization of the ambient. 

Proof: direct verification. 

3.3. General algebras are rigid. The rigidity of contact and pericontact series was earlier 
established by painstaking calculations due to Shmelev |Smj for the series i and Kochetkov 
|Ko2j for the series m. It is, however, an example of the general statements on cohomology 
of coinduced modules (jFj) and immediately follows from the later computations of coho- 
mologies of Ql{m\n), osp{m\2n), and pe(n), see |FLj and [F], and the following observation: 
as modules over themselves, the algebras g = oect, t and m are expressed as modules of 
generalized tensor fields (see sec. A. 6) as follows: 

(31) oect(m|n) = T(id0[(^|„)); t{2m + l\n) = T{C[-2]J; m(n) = U{T{C[-2]J), 

where C[k] is the representation of Qq (in the standard grading of g) trivial on the simple 
part and such that the center z of go acts as multiplication by /c G C, where the central 
element z is selected to act on g^ as multiplication by i G Z. 

Thus, the adjoint modules are coinduced, and therefore we have: 

Theorem. i^^(g;g) ^ i^^(0o;id0o) = O/org = Dect(m|n), andH'^{g;Q) =i iJ2(go; C[-2]0j = 
for t(2m + l\n) and va{n). 

§4. Representations of [)ei(2n|m) and ab{n) 

We begin with observation that only for the standard realization (see sec. A. 7) the rela- 
tion between the commutation/anticommutation relations (represented by the elements of 
negative degree from the Poisson or Buttin Lie superalgebra) and the Poisson or Buttin 
Lie superalgebra itself is the same as for Lie algebra po(2n). (To see the difference most 
graphically, consider the finite dimensional case, say, po(0|2n) with the grading deg.^j = 0, 
deg?7i = 1 for all i.) 

4.1. Lemma. ( |Sgl| ) 1) Let V be a vector superspace, and Pv{C) = {V ® C)q be the set 
of its C -points. Then V c::^ W if and only if Pv{C) — Pw{C) for all supercommutative 
superalgebras C . 

2) Let g and i) be Lie superalgebras. Then g ~ f) z/ and only if -Pg(C) ^ Pt){C) as Lie 
algebras for all supercommutative superalgebras C . 

3) Let V and W be two modules over g. The modules are isomorphic if and only if 
PyiC) ~ Pw{C) as modules over Pq{C) for all supercommutative superalgebras C . 

iv) It suffices to verify the above conditions for C = A{N) with N "sufficiently large". 

Remark. One should not replace N with oo, as Berezin did: though we only have to verify 
one condition instead of infinitely many ones, we acquire infinite topological difficulties, cf. 
lD2l. 



4.2. Irreducible representations of f)ei(2n|m) and its analogs. The following state- 
ment and its analog, heading 1) of Theorem 4.3, are particular case of a result of Sergeev 
|Sg2| (that corrects "Theorem" 7 of [K]): 

Theorem. Let us represent the superspace of f)ei(2n|m) as W (B Cz, where W is endowed 
with the form B, see\84\ and\8(A and represent W asV(BV* ifm = 2k orW = V(BV* (BU if 



m = 2k + l, where V and V* are isotropic with respect to the form B and each of dimension 
n\k. Then over C, the only irreducible representations of \)t\{2n\m) are isomorphic to the 
following Fock superspaces: Tn ~ C[V^] if m = 2k and this is a G-type representation; or 
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— C[V^© U] if m = 2k + 1 and this is a Q-type representation, i.e., t)ei(2n|m) maps into 
q{V © U). On J-'fi, the center z of f)ei(2n|m) acts as a scalar multiplication by h. 

4.3. Irreducible representations of ab{n). Recall, see sec. A. 5. 2, that ab{n) = W (BCz. 
Let W be spanned by the even elements gi, . . . , g„ and odd elements 6i, . . . , 6n- 

Theorem. 1) Over any commutative algebra with the zero odd part, ab(n) has only two 
irreducible representations: the 1\0- dimensional trivial module 1 and n(l). 

2) Let C be a supercommutative superalgebra with ^ and ^ e Cj. There are n + 
1 distinct irreducible ab{n; C) -modules J-'i, < i < n, corresponding to odd parameters 
describing the tangent space to the trivial representation 1. Namely, for a nonzero vector v, 
set zv = and 

(32) q^v = ■■■ = QiV = 9i+iv = ■■■ = 9nV = for i = 0,1, ... ,n 

and define 

C[Ai, . . . Xj+i, . . . , 
The explicit realization of the operators is: 

\i, . . . ,9i^ \i, 9i+i 1-^ ~^a£^^ . . . ,9n^ 

Thus, as superspaces, 

po{2n\2m) ^ C[q, |, ^, |] ^ U(i,ti(2n\2m))/(z - h); 

n(b(n) ® C[i\) ^ (C/(ab(n)) ® C[i\) /{z - 0, 

where for the antibracket we have to consider everything over C to account for the odd 
parameters. 

§5. Appendix: Background 

A.l. Linear algebra in superspaces. Generalities. A sit|?er5|)ace is a Z/2-graded space; 
for any superspace V — Vg © Vj, denote by n(V^) another copy of the same superspace: with 
the shifted parity, i.e., (11(1^))- = l^+j. The superdimension of V is diml^ = p + qe, where 

= 1 and p = dim Vq, q = dim Vi. Usually, dim V is expressed as a pair p\q; in this notation 
the useful formula dim V^W = dim V ■ dim W looks mysterious whereas with e this is clear. 

A superspace structure in V induces the superspace structure in the space End(l^). A 
basis of a superspace is always a basis consisting of homogeneous vectors. Let pi denote the 
parity of ith basis vector, then the matrix unit Eij is supposed to be of parity pi + pj and 
the bracket of supermatrices is defined via Sign Rule: 

if something of parity p moves past something of parity q the sign (— l)**^ accrues; the 
formulas defined on homogeneous elements are extended to arbitrary ones via linearity. 

More examples of application of Sign Rule: setting [X, F] = XY — (— l)?'(^)p(^)yx we 
get the notion of the supercommutator and the ensuing notions of the supercommutative 
superalgebra and the Lie superalgebra (that in addition to superskew-commutativity satis- 
fies the super Jacobi identity, i.e., the Jacobi identity amended with the Sign Rule). The 
superderivation of a superalgebra ^4 is a linear map D : A — > A that satisfies the super 
Leibniz rule 

(36) D{ab) = D{a)b + (-l)f(^)P(")aL>(6). 
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In particular, let A = C[x] be the free supercommutative polynomial superalgebra in x = 
{xi, . . . ,Xn), where the superstructure is determined by the parities of the indeterminates: 
p{xi) = Pi. Partial derivatives are defined (with the help of super Leibniz Rule) by the formu- 
las = 6ij. Clearly, the collection dtxA of all super derivations of A is a Lie superalgebra 

whose elements are of the form 

We consider the exterior differential as a super derivation of the superalgebra of exterior 
forms, so dx is even for any odd x and we can consider not only polynomials in dx. Smooth 
or analytic functions in dx are called pseudodifferential forms on the supermanifold with 
coordinates x, see |BLj . We needed them to interpret f)A(2|2). 

A. 1.1. General linear superalgebras: two types. The general linear Lie superalgebra 
of all supermatrices of given format Par (an ordered collection of parities of basis vectors, 
or just a superdimension) is denoted by Ql{Par). Any matrix from Ql{Par) can be expressed 
as the sum of its even and odd parts; in the standard (simplest) format this is the following 
block expression: 

The supertrace is the map gl{Par) — > C, (Aij) '^{—ly^Aa. Since str[x, y] = 0, the 
subsuperspace of supertraceless matrices constitutes the special linear Lie subsuperalgebra 
sl{Par). 

Another super versions of Ql{n) is called the queer Lie superalgebra and is defined as the 
Lie superalgebra that preserves the complex structure given by an odd operator J, i.e., is 
the centralizer C(J) of J: 

(38) q{n) = C{J) = {X e gi{n\n) \ [X, J] = 0}, where = -id. 



It is clear (over C) that by a change of basis we can reduce J to the form J2„ 
In the standard format we have 



In 
-1 



(39) q(n) 



A B 
B A 



On q(n), the queertrace is defined: qtr : i-^ trB. Denote by sq(n) the Lie superal- 

gebra of queertraceless matrices. 

Observe that the identity representations of q and 5q in V , though irreducible in super 
setting, are not irreducible in the non-graded sense: take homogeneous (with respect to 
parity) and linearly independent vectors f i, . . . , f„ from V'^ then Span{vi + J(t'i), . . . , + 
J(f„)) is an invariant subspace of V which is not a subsuperspace. On such inhomogeneous 
irreducible representations, see |Lanj . 

A representation is irreducible of general type or just of G-type if there is no nontrivial 
invariant subspace. An irreducible representation is called irreducible of Q -type {Q is after 
the general queer Lie superalgebra); if it has no invariant subsuperspace but has a nontrivial 
invariant subspace. 

A. 1.2. Lie superalgebras that preserve bilinear forms: two types. Given a linear 
map F of superspaces, there exists a corresponding dual map F* between the dual su- 
perspaces; if A is the supermatrix corresponding to F in a basis of format Par, then the 
supertransposed matrix A*** corresponds to F*: 

(40) {A'')ij = (-i)(p»+p.)(P'+p(^))Aj... 
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The supermatrices X G Q{{Par) such that 

(41) X'^B + [-l)Pi^)pi^)BX = for an homogeneous matrix B e gl{Par) 

constitute the Lie superalgebra aut{B) that preserves the bihnear form on V with matrix B. 

Recall that the supersymmetry of the homogeneous form ou means that its matrix B satisfies 
the condition i?" = B, where 

(42) B""^ (^^__^^^s)gt ^ for the matrix S = 

Similarly, skew-supersymmetry of B means that B^ — —B. Thus, we see that the upsetting 
of bilinear forms u : Bil(y, W) — > Bil(VF, V), which, for the spaces V — W, is expressed on 
matrices in terms of the transposition, becomes a new operation on supermatrices. 

The most popular canonical forms of the nondegenerate supersymmetric form are the ones 
whose supermatrices in the standard format are the following canonical ones, Bgy or B'^^: 

(43) Be.{m\2n) ^ (^^^ J , where = (^_°^ , 



or 



(44) BL(">|2n) =(""'"'"«;;'•■■■■'> jI). 

The usual notation for aut{Bev{'m\2n)) is osp{m\2n) or, more precisely, 05p*^(m|2n). Observe 
that the passage from V to Il{V) sends the supersymmetric forms to superskew-symmetric 
forms, preserved by the "symplectico-orthogonal" Lie superalgebra, sp'o(2n|m) or, better 
say, osp^''{m\2n), which is isomorphic to 05p'^^(m|2n) but has a different matrix realization. 
We never use notation spo(2n|m) in order to prevent confusion with the special Poisson 
superalgebra. 

In the standard format the matrix realizations of these algebras are: 

( /A B X' 

05p(m|2n) = {[ X A B \)- osp'^{m\2n) = {\ C -A' 

(45) I C -A* J I \Y -X* E 




where ( ^ ) ^ 5p(2^T'), E G o(m) and * is the usual transposition. 



A non-degenerate supersymmetric odd bilinear form Bodd{'>A''^) t)e reduced to a canon- 
ical form whose matrix in the standard format is J2n- A canonical form of the superskew 

odd non-degenerate form in the standard format is Il2n — rT ) ■ Observe that we did 



In 0^ 

not make a mistake here: with a minus for the symmetric form and with a plus for the skew 
form! 

The usual notation for aut(i?o(i(i(Par)) is pe(Par). The passage from V to n(y) establishes 
an isomorphism pz^y[Par) = pt^'^{Par). This Lie superalgebra is called, as A. Weil suggested, 
periplectic^ . The matrix realizations in the standard format of these super algebras are: 



(46) 



pt'y (n) = I ' where B = -5*, C = C*| 

pe^'=(n) = I (^^ , where B ^ B\ C ^ -C*| . 



^An "odd [analog of] symplectic" (the orthogonal group preserves lines, as its name reflects (o p96(; = 
straight, direct (the opposite of crooked is £ u Ov<;)), symplectic [avji-KXeneLv) = intertwine or interweave, 
and 'jTepi.aa6<; means odd, as opposed to even. 
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We note that although osp'^^ {m\2n) ~ osp'*'^(2n|m), as well as pt^y{n) ~ pt'^''{n), the dif- 
ference between these isomorphic Lie superalgebras is sometimes crucial, see |LSlj and Re- 
mark A. 5. 2. 

The special periplectic superalgebra is spe(n) = {X G pt{n) \ strX = 0}. Of particular 
interest will be also spt{n)a,b = spt{n)^C{az + bd), where z = l2n, d = diag(l„, — 1„). 
Indeed, it is the hnear part of ba,fe(n). 

A. 2. Vectorial Lie superalgebras. The standard realization. The elements of the 
Lie algebra C = Dcr C[[u]] are considered as vector fields. The Lie algebra £ has only one 
maximal subalgebra Co of finite codimension (consisting of the fields that vanish at the 
origin). The subalgebra Cq determines a filtration of C: set 

(47) £_i = C and d = {D e A-i | [D, C] C for i > 1. 

The associated graded Lie algebra L = Q) Li, where Li = Ci/Ci^i, consists of the vector 

«>-i 

fields with polynomial coefficients. 

A. 2.1. Superization. For C = dtxC[u, ^] suppose £o C £ is a maximal subalgebra of finite 
codimension and containing no ideals of £. Let £_i be a minimal subspace of £ containing 
£o, different from Cq and £o-invariant. A Weisfeiler filtration oi C is determined by setting 
for i>l: 

(48) £_i_i = [£_i, £_,] + d and d = {D e A_i | [D, £_i] C £._i}. 
Since the codimension of £o is finite, the filtration takes the form 

(49) £ = £_rf D ■ ■ ■ D £o D . . . 

for some depth d. Considering the subspaces (jTFj) as the basis of a topology, we can complete 
the graded or filtered Lie superalgebras L or £; the elements of the completion are the vector 
fields with formal power series as coefficients. Although the structure of the graded algebras 
is easier to describe, in applications the completed Lie superalgebras are usually needed. 

Unlike Lie algebras, simple vectorial superdlgehia.s possess set;era/ non-isomorphic maximal 
subalgebras of finite codimension, see sec. A. 7. 

1) General algebras. Let x = {ui, . . . , m„, 6*1, ... , 9^), where the Ui are even indeterminates 
and the dj are odd ones. Set t)ect(n|m) = Oer C[x]; it is called the general vectorial Lie 
superalgebra. 

On vectorial superalgebras, there are two types of trace. The divergences (depending on 
a fixed volume element) belong to one of them, various linear functionals that vanish on 
the brackets (traces) belong to the other type. Accordingly, the special {divergence free) 
subalgebra of a vectorial algebra g is denoted by sg, e.g., t)ect(n|m) and SDcct(n|m), and the 
traceless subalgebra of g is denoted g'. 

fthe fieldD = E/ia,, 
our case: a polynomial, or a series) 

,50) ,„o.j:?A^^i-rf^.'ll. 

• The Lie superalgebra SDect(n|m) = {D G Dect(n|m) | divD = 0} is called the special or 
divergence- free vectorial superalgebra. 

It is clear that it is also possible to describe st)cct(n|m) as {D G tiect(n|m) | Lovolx = 0}, 
where vol^ is the volume form with constant coefficients in coordinates x (see sec. A. 6) and 
L/) the Lie derivative with respect to D. 



2) Special algebras. The divergence of the field L) = J2 fi'£[' + "12 9jW' is the function (in 
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• The Lie superalgebra s\)tctxiO\m) = {D e t)ect(0|m) | div(l + Xdi 0^)0 = 0}, 

where p{\) = m (mod 2), — the deform of st)ect(0|m) — is called the deformed special or 
divergence-free vectorial superalgebra. Clearly, $t)tctx{0\m) = stiect^(0|m) for X/i ^ 0. So we 
briefly denote these deforms by S0ect(0|m). 

Observe that, for m odd, the parameter of deformation A is odd. 

3) The algebras that preserve Pfaff equations and differential 2-forms. Having denoted 
u = {t,pi,...,pn,qi,...,qn) set 

(51) ai — dt + {Pidqi — qidpi) + ^jdOj and cuq — dai . 

l<i<n 

• The form ai is called contact, the form (Dq is called symplectic. Sometimes it is more 

convenient to redenote the ^'s and set 

(52) 

1 1 

= "^(^i ~ ^^r+j); Vj = + ^^^+3) 3 [m/2] (here = -1), = 02r+i 

and in place of ujq or ai take ai and luq = dai, respectively, where 

if m = 2r 



+ddd if m = 2r + 1. 



(53) ai = + ^ ipidqi - qidpi) + ^ {^jdr]j + r]jd$,j) I 

l<i<n l<j<r ^ 

The Lie superalgebra that preserves the Pfaff equation ai{X) = for x e tiect(2n+ l|m), 
i.e., the superalgebra 

(54) i{2n + l|m) = {£> e t)ect(2n + l|m) | LoOii = foOii for some fo e C[t,p, q, 6]}, 
is called the contact superalgebra. The Lie superalgebra 

(55) po(2n|m) ^ {D e t{2n + l|m) | Loai = 0} 

is called the Poisson superalgebra. (A geometric interpretation of the Poisson superalgebra: 
it is the Lie superalgebra that preserves the connection with form a in the line bundle over 
a symplectic supermanifold with the symplectic form da.) 

• Similarly, set m = g = (gi, . . . , g„), let ^ = (^1, . . . , r) be odd. Set 

(56) ao = dT + ^{^idqi + qid^i), ui = dao 

i 

and call these forms the pericontact and periplectic, respectively. Observe that this pericon- 
tact form is even. 

The Lie superalgebra that preserves the Pfaff equation aQ{X) = for x e Oect(n|n + 1), 
i.e., the superalgebra 

(57) m(n) = {D e x>tti{n\n + 1) | Loao ^ fo ■ olq for some fo e C[g, ^, r]} 

is called the pericontact superalgebra. 
The Lie superalgebra 

(58) b(n) = {D e m(n) | L^ao = 0} 

is referred to as the Buttin superalgebra. (A geometric interpretation of the Buttin super- 
algebra: it is the Lie superalgebra that preserves the connection with form ai in the line 
bundle of rank e over a periplectic supermanifold, i.e., a supermanifold with the periplectic 
form daQ.) 

The Lie superalgebras 

(59) sm(n) = {D e m(n) | div D = 0} , sb(n) = {D e h{n) | div D = 0} 
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are called the divergence-free (or special) pericontact and special Buttin super algebras, re- 
spectively. 

Remark. A relation with finite dimensional geometry is as follows. Clearly, kerai = kercii. 
The restriction of Cjq to kerai is the orthosymplectic form B(.v{m\2n)-^ the restriction of uiq 
to ker cii is B'^^{m\2n). Similarly, the restriction of uii to ker ao is Bodd{n\n). 

A. 3. Generating functions. A laconic way to describe 6, m and their subalgebras is via 
generating functions. 

• Odd form a^. For / e C[i,p, g, 9\, we set : 

(60) X,= (2-E)(/)|-i7, + |^i?, 

where E — YlVi^. (here the yi are all the coordinates except t) is the Euler operator (which 

i 

counts the degree with respect to the y^), and Hf is the hamiltonian field with Hamiltonian 
/ that preserves dai. 



di_d_ 

d9j d9j 



(") »f=j:(^^-^f)-i-^r"(i: 

The choice of the form cti instead of ai only affects the shape of Hf that we give for 
m = 2A; + 1: 

j^\dpidqi dqidpij j^^\d^jdrij dr]j d^j 89 89 



m 



Even form a^. For / e £\q, ^, r], we set: 



(63) Mf = {2- E)if)- - Lej - {-l^^^E, 



where E — Y^y^-^ (here the yi are all the coordinates except r), and 

dqt 8ii dii dqi 



i<n 

Since 



LM,(ao)^-(-ir^f^2^ao^-(-ir^f^M,(f)ao, 
it follows that Kf e t{2n + l\m) and M/ e m(n). Observe that 

(66) p{Lef)=p{Mf)=p{f) + l. 

• To the (super) commutators [Kf, Kg] or [Mj, Mg] there correspond contact brackets of 
the generating functions: 

(67) [Kf, Kg] = K^f, ; [Mf, M,] = M{^, 

The explicit formulas for the contact brackets are as follows. Let us first define the brackets 
on functions that do not depend on t (resp. r). 

The Poisson bracket {■, •}p,h. (in the realization with the form ojq) is given by the formula 

(68) = E (1^1^- l^l^)-(-l)""E f #f-/.9^Cb,,.91 
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and in the realization with the form uq for m = 2A; + 1 it is given by the formula 
{f,9}p.b. = E 



(69) 



i<n 



df dg df dg 
dpi dqi dqi dpi 



E( df dg I dl_ dg_\ \ df_ dg_ 



for f,g e C[p,q,^,r],e]. 



The Buttin bracket {■, ■}B.b. is given by the formula 

In terms of the Poisson and Buttin brackets, respectively, the contact brackets are 

(71) {LgU. = (2 - E){f)^ - ^{2 - E){g) - {/,^}p., 
and 

(72) {f,gU.b. = (2 - E){f)^ + (-1)^(^)|^(2 - E)ig) - {/, 

The Lie superalgebras of Hamiltonian fields (or Hamiltonian superalgehrd) and its special 
subalgebra (defined only if n = 0) are 
(73) 

[)(2n|m) = {D e oect(2n|m) | Ldujq = 0} and sP)(m) = {Hf e [)(0|m) | j fvole = 0}. 

The "odd" analogs of the Lie superalgebra of hamiltonian fields are the Lie superalgebra of 
vector fields Le/ introduced in [Llj and its special subalgebra: 

(74) h{n) = {D e Dect(n|n) | Lduji = 0} and sk{n) = {D E h{n) \ divD = 0}. 

It is not difficult to prove the following isomorphisms (as superspaces) : 
(75) 

t{2n+l\m) = Span{Kf \ f G C[t,p,g,^]); k{n) = Span{Lef \ f G C[g,^]); 

m{n) = Span{Mf \ f G C[r,g,^]); f)(2n|m) ^ Span{Hf \ f G C[p,g,^]). 

A. 4. Divergence-free subalgebras. Since 

(76) divKf = {2n + 2-m)Ki{f), 

it follows that the divergence-free subalgebra of the contact Lie superalgebra either coincides 
with it (for m = 2n + 2) or is isomorphic to the Poisson superalgebra. For the pericontact 
series, the situation is more interesting: the divergence free subalgebra is simple. 
Since 

(77) divM^^I-ir^S^l-E)!-^^ 

\ i<n 

it follows that 

(78) 5m(n) = Span (m^ G m(n) | (1 -E)^ = Y^ ^ 
In particular. 



(79) divLe/ = (-1)^(^)2^ 



i<n ^^^^^^ 
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The odd analog of the Laplacian, namely, the operator 
(80) A = 5: 



i<n 



on a periplectic supermanifold appeared in physics under the name of BRST operator, cf. 
)GPSj . The vector fields from sk{n) are generated by harmonic functions, i.e., such that 
A(/) = 0. 

A. 5. The Cartan prolongs. To define bx{n), one of our main characters, and several 
related algebras we need the notion of the Cartan prolong. So let us recall the definition 
and generalize it somewhat. Let be a Lie algebra, V a g-module, the operator of the 
ith symmetric power. Set g_i = V, Qq = q and, for i > 0, define the ith Cartan prolong (the 
result of Cartan's prolongation) of the pair (0-i,0o) as 

/oi\ St = ^ Hom(0_i,0,_i) I X{vo){vi,...,Vi) = 
[oi) 

X{vi){vo,...,Vi) for any vo,Vl,...,v^ G g^i} = (^'(gli) ®0o) n (5*+^(0li) ® 0_i). 

(Here we consider go as a subspace in gti CS) so the intersection is well-defined.) 
The Cartan prolong of the pair {V,q) is (g-i,go)* = © di- 

i>-l 

Suppose that the go-module g_i is faithful. Then, clearly, 

(g_i,go)* C occt(n) = c)er C[xi, where n = dim g_i and 

(8zj 

di = {D e Dect(n) \degD = i, [D,X] e Qi-i for any X e 0_i}. 

It can be easily verified that the Lie algebra structure on vtct{n) induces same on (g_i, go)*- 
Of the four simple vectorial Lie algebras, three are Cartan prolongs: tiect(n) = (id, 0t(?T.))*, 
sOcct(?T,) = (id, sl(n))* and i){2n) = (id,sp(n))*. The fourth one — fi(2n + 1) — is the result 
of a trifle more general construction described as follows. 

A. 5.1. A generalization of the Cartan prolong. Let 0- = © gi be a nilpotent Z- 

-d<i<-l 

graded Lie algebra and go C f etog a Lie subalgebra of the Z-grading-preserving derivations. 
For i > 0, define the i-th prolong of the pair (g_,0o) as 

(83) 0. = ((5-(0*_) ® 0o) n (5-(0*_) ® 0_))„ 

where the subscript i in the right hand side singles out the component of degree i. 
Define (0_,0o)*, to be © 0^; then, as is easy to verify, (0-,0o)* is a Lie algebra. 

i>-d 

What is the Lie algebra of contact vector fields in these terms? Denote by i)ti{2n) the 
Heisenberg Lie algebra: its space is W (BC ■ z, where is a 2n-dimensional space endowed 
with a non-degenerate skew-symmetric bilinear form B and the bracket in i)n{2n) is given 
by the following relations: 

(84) z is even and lies in the center and [v, w] = B{v, w) ■ z for any f , w G W. 
Clearly, i{2n + 1) ^ {i)d{2n), csp(2n)),. 

A. 5. 2. Lie superalgebras of vector fields as Cartan prolongs. The superization of 
the constructions from sec. A. 5 are straightforward: via Sign Rule. We thus obtain: 

\3tct{m\n) = (id, 0[(m|n))=i,; st)ect(m|n) = (id,s[(m|n))=i,; 

(85) f)(2m|n) = (id, 05p'^{m\2n))^; 

k{n) = (id,pe''''(n))*; sk{n) = (id, spe^''(ra))=^. 
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Remark. Observe that the Cartan prolongs (id, 05p'^^(m|2n))* and {id, pt^^{n))^ are finite 
dimensional. 

The generalization of Cartan prolongations described in sec. A. 5.1 has, after superization, 
two analogs associated with the contact series t and m, respectively. 

• Let (jS^ define the bracket in the Lie superalgebra P)ci(2?2|m) or {)ei(W^) on the direct 
sum of a (2n, m)-dimensional superspace W endowed with a non-degenerate skew-symmetric 
bilinear form B and the (1, 0)-dimensional space spanned by z. 

Clearly, we have 6(2n+l|m) = (()ei(2n|m), cosp^^{m\2n))^:. More generally, given i)tx{2n\m) 
and a subalgebra g of cosp*'^(m|2n), we call (()ei(2n|m), g)* the k-prolong of {W,g), where 
W is the identity osp'*'^'(m|2n)-module. 

• The "odd" analog of t is associated with the following "odd" analog of P)ei(2n|m). Denote 
by ab(n) or ab(iy) the antibracket Lie superalgebra: its space is W (BC ■ z, where W is an 
n In-dimensional superspace endowed with a non-degenerate skew-symmetric odd bilinear 
form B] the bracket in ab{n) is given by the following relations: 

(86) z is odd and lies in the center; [v, w] = B{v, w) ■ z for v, w G W. 

Clearly, m{n) = (ab(n), cpc'*'^(n))*. More generally, given ab(n) and a subalgebra q of 
cpe'^''(?7.), we call (ab(n), g)* the m-prolong of {W, g), where W is the identity pe*'^(n)-module. 

A. 6. The modules of tensor fields. To advance further, we have to recall the definition 
of the modules of tensor fields over vcct{m\n) and its subalgebras, see |BLj . |L2j . For any 
other Z-graded vectorial Lie superalgebra, the construction is identical. 

Let = tiect(m|n) and 0> = © 0^. Clearly, \jtcio{m\n) = gl{m\n). Let V be the gl{m\n)- 

module with the lowest weight A = Iwt(V^). Make V into a g>-module setting 5+ ■ V" = for 
g+ = © fli. Let us realize g by vector fields on the m|n-dimensional linear supermanifold 

i>0 

^m|n ^j^]-^ coordinates x = (m, 0- The superspace T{V) = Homc/(g>)(?7(g), V) is isomorphic, 
due to the Poincare-Birkhoff-Witt theorem, to C[[x]] V. Its elements have a natural 
interpretation as formal tensor fields of type V. When A = (a, . . . , a) we will simply write 
T(a) instead of T(A). We will usually consider g-modules induced from irreducible go- 
modules. 

Examples: t)ect(m|n) as tiect(m|n)- and stiect(m|n)-modules is T(id). Further examples: 
T(0) is the superspace of functions; Vol{m\n) = T(l, . . . , 1; —1, . . . , —1) (the semicolon sep- 
arates the first m "even" coordinates of the weight with respect to the matrix units of 
gl{m\n) from the "odd" coordinates) is the superspace of densities or volume forms. We de- 
note the generator of Vol{m\n) corresponding to the ordered set of coordinates x by vol{x). 
The space of A-densities is Vol^{m\n) = T(A, . . . , A; —A, . . . , —A); we denote its generator by 

vol^{x). In particular, Vol^{m\0) = T(A) but Vol^{0\n) = T(^). 

Remark. To view the volume element as "d^ud^^^" is totally wrong: the Berezinian (superdeterminant) 
can never appear as a factor under the changes of variables. One can try to use the usual notations of 
differentials provided all the differentials anticommute. Then the linear transformations that do not intermix 
the even u's with the odd ^'s multiply the volume element vol{x), viewed as the fraction .' " ; by the 
Berezinian of the transformation. But how could we justify this? Let x = (m,^). If we consider the usual, 
exterior, differential forms, then the dx^'s super anti-commute, hence, the d^j commute; whereas if we consider 
the symmetric product of the differentials, as in the metrics, then the dxi's supercommute, hence, the dui 
commute. However, the ^ anticommute and, from transformations' point of view, ^ = The notation, 

dui- ...-dum • • ■ •■ gf~) suggested by V. Ogievetsky, is, nevertheless, still wrong: almost any transformation 
A : (u,^) I— > {v,ri) sends dui ■ ... ■ dum ■ ^ • ■•. ■ g|- to the correct element, ber(A)(du™ • ^ • ... • plus 
extra terms. Indeed, the fraction dui ■ ... ■ dum ■ ■ ... ■ g|- is the highest weight vector of an indecomposable 



HOW TO QUANTIZE THE ANTIBRACKET 



23 



g[(r7i|n)-niodule and vol{x) is the notation of the image of this vector in the 1-dimensional quotient module 
modulo the invariant submodule that consists precisely of all the extra terms. 

A. 7. Nonstandard realizations. 





its Z-grading 


t)CCt(7l| TTiJ r) , 


degMi = deg^j = 1 for any i,j 




^ r ^ 771 


deg^j- = for 1 < j < r; 
degUi = deg^r+s = 1 for any i, s 






degr = 2, degg^ = deg^^ = 1 for any i 


(*) 


m(n;r), 


degr = degg^ = 1, deg^^ = for any i 


< r < n 


deg r = deg qi = 2, deg = for 1 < i < r < n; 




r ^ n ~ 1 


degUr+j = deg^r+] = 1 for any j 




i{2n + l\m;r), 


degt = 2, 






deg Pi = deggi = deg^j = deg r]j = deg 0k = 1 for any i,j,k 


(*) 


0<r<[f] 


degt = degC, - 2, degr], = for 1 < i < r < [f ]; 




r =/= k — 1 for m ^ 2k and n — 


deg Pi = dcgg^ = dcg^j = 1 for j >1 and all i 




t{l\2m; m) 


deg t = deg = 1, deg rji = for I < i < m 



For the reasons why r can not take value n — 1 for m(n) and k — 1 for i{l\2k), irrelevant 
in this paper but vital in other problems, we refer the reader to 'LS1|. 

Comments: The gradings in the series Dect induce the gradings in the series soect; the 
gradings in m induce the gradings in b\, k, sic, b, sb; the gradings in t induce the gradings 
in po, t). 

In (|87|) we consider t{2n + l|m) as preserving the Pfaff equation a{X) = for X G 
\3tct{2n + l|m), where 

(88) a = dt + ^{pidqi- Qidpi) +'^{^jdr]j +T]jd^j) + ^ 9kd9k. 

i<n j<r k>m—2r 

The standard realizations correspond to r = 0, they are marked by (*). Observe that the 
codimension of attains its minimum in the standard realization. 
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